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Abstract
We study the problem of a screw dislocation interacting with a double-coated cylindrical inclusion in a dissimilar matrix.
Using an elastostatic image method, we determine the displacement field in each material phase and obtain the force of interaction
between the inhomogeneity and the dislocation in the form of a rapidly convergent infinite series. Numerical examples are presented
to illustrate the effect of double coating on the force of interaction. It is found that, for certain material combinations, the presence
of a double-coated cylinder gives rise to two equilibrium positions of the dislocation. This result is significant as it indicates that
multiple equilibrium positions are possible for multiply-coated inclusions interacting with a screw dislocation.
c⃝ 2015 The Author. Production and Hosting by Elsevier B.V. on behalf of Nigerian Mathematical Society. This is an open access
article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction
The coated inclusion problem plays an important role in the development of advanced composite materials for
high technology applications. Often, the composite material consists of a continuous matrix reinforced by inclusions
of a different phase. In the presence of material defects, such as dislocations, stress concentrations may build up
around an inclusion with adverse consequences. One way of reducing the damage caused by stress concentrations
around an inclusion is to protect its surface with a layer of coating of a different material. For instance, a coating layer
may be introduced at the design stage to reduce the potential for fibre fracture initiated by matrix cracking [1] or to
act as a thermal barrier in high temperature systems [2]. A rigorous analysis of the interaction of dislocations with
coated inclusions is necessary to provide valuable insight into the mechanical behaviour of high technology composite
materials.
A fair amount of work has been devoted to the case of a screw dislocation interacting with a single-coated cylin-
drical inclusion (see, for example, Xiao and Chen [3,4], Liu et al. [5], Jiang et al. [6], Sudak [7], Liu et al. [8,9], Feng
et al. [10]). However, in some applications, more than one layer of coating may be required to achieve the desired qual-
ities of a product. An example is the use of dual-layer protective coatings to enhance the strength of optical fibers for
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Fig. 1. A double-coated cylindrical inclusion in a matrix containing a screw dislocation.
telecommunications [11]. Therefore, the study of the elastic interaction of multi-coated inclusions with dislocations is
a subject of current scientific interest. Honein et al. [12] has determined the force acting on a screw dislocation in the
presence of a multi-layered circular inclusion in terms of a rapidly convergent Laurent series whose coefficients are
related to those of the complex potential of a corresponding homogeneous problem. More recently, Kuo [2] examined
the effect of coating on the magnetoelectroelastic potential in a multicoated elliptic fibrous composite with piezo-
electric and piezomagnetic phases, Wang and Schiavone [13] considered the problem of a double-coated inclusion of
arbitrary shape when the matrix is subjected to remote uniform anti-plane stresses, Wang and Zhou [14] investigated
the long-range interaction of an edge dislocation with multiple inclusions of arbitrary shape while Bonfoh et al. [15]
studied the effective properties of composite materials with multi-coated inclusions. Wang and Zhou [16] investi-
gated the conditions for the existence of equilibrium positions for a screw dislocation interacting with a multi-coated
inclusion and used the results to attempt the design of near-cloaking mulitcoated structures. The complex variable
formulation of anti-plane elastostatics was used for these studies.
In this paper, we study the elastic interaction of a screw dislocation with a double-coated cylindrical inclusion
which is embedded in a dissimilar matrix. The objective of this study is to determine the displacement field in
each material phase and use the result to examine the effect of double coating on the interaction force between
the inhomogeneity and the dislocation. As noted in a recent review of works on inclusions [17], most solutions to
inclusion-dislocation interaction problems employ the complex variable method to determine the elastic fields. Here,
we shall use the principle of images, in conjunction with Fourier series representations, to construct an analytical
solution for the displacement field. We shall, also, discuss the mobility and stability of the dislocation for various
material combinations. It will be shown that, unlike the complex variable method, the proposed method considerably
reduces the amount of mathematical rigour involved in determining the necessary perturbation fields.
2. Statement of the problem
The problem we analyze is that of a screw dislocation in a solid containing a double-coated cylindrical inclusion. In
cylindrical polar coordinates (r, θ, z), the solid under consideration has four phases of shear moduli µi (i = 1, 2, 3, 4)
which occupy, respectively, four regions Si defined for 0 ≤ θ ≤ 2π and −∞ < z <∞ by
S1 : 0 ≤ r < a, S2 : a ≤ r < b, S3 : b ≤ r < c, S4 : c ≤ r <∞. (1)
The four phases are assumed to be perfectly bonded at the three interfaces r = a, b, c. A screw dislocation of Burger’s
vector (0, 0, bz) is located at a point (h, 0) in the matrix S4. A schematic diagram of the problem under consideration
is presented in Fig. 1.
N. Ogbonna / Journal of the Nigerian Mathematical Society 35 (2016) 25–33 27
Let ui and σi j , (i, j = 1, 2, 3) be the components of the displacement and the stress fields, respectively, in
a Cartesian coordinate system (xi ). Then, in the absence of applied forces, the Navier displacement equilibrium
equations of elastostatics are given by Sokolnikoff [18]
µui, j j + (λ+ µ)u j, j i = 0, (2)
where λ and µ are the Lame´ constants. In Eq. (2), the usual summation convention over repeated indices applies and
a comma followed by an index indicates differentiation with respect to the corresponding space coordinate. In view
of the cylindrical geometry of the present problem, we set (x1, x2, x3) = (r, θ, z) and (u1, u2, u3) = (ur , uθ , uz).
Since a screw dislocation induces an anti-plane elastic field state [19], the only non-vanishing component of the
displacement field is uz and it is independent of z. It follows, from the equilibrium equation (2) and the requirement
of perfect bonding at the interfaces, that the boundary value problem describing the anti-plane deformation of the
four-phase cylindrical composite solid is
∂2u(i)z
∂r2
+ 1
r
∂u(i)z
∂r
+ 1
r2
∂2u(i)z
∂θ2
= 0, (i = 1, 2, 3, 4), (3)
u(i)z = u(i+1)z , σ (i)zr = σ (i+1)zr , at r = a, b, c, (4)
where u(i)z is the anti-plane displacement in a phase of shear modulus µi and
σ (i)zr = µi
∂u(i)z
∂r
, σ
(i)
zθ =
µi
r
∂u(i)z
∂θ
, (5)
are the corresponding shear stresses. Eqs. (3)–(5) determine the elastic fields in the multiphase composite structure
under the influence of the screw dislocation, provided that the elastic fields in the matrix exhibit the singularity
associated with a screw dislocation as r −→∞.
3. Solution
The principle of images for two media separated by a plane boundary is well known in the fields of electrostatics
and hydromechanics. It may be stated thus: If a source singularity which, in the unbounded homogeneous plane, is
characterized by a harmonic potential Φ which is located in medium 1 of two media separated by a plane boundary,
the potentials, Φ(1) and Φ(2), induced by the singularity in medium 1 and medium 2, respectively, are given by
Φ(1) = Φ + αΦ¯, Φ(2) = (1+ α)Φ, α = µ1 − µ2
µ1 + µ2 , (6)
where Φ¯ is the image of Φ with respect to the plane boundary separating the two media and µi is the shear modulus
of medium i [20].
Since the present problem is governed by a harmonic equation, we adopt the principle of images to determine the
elastic displacement field in the four-phase composite material.
3.1. Displacement field
Let u(o)z (r, θ) denote the anti-plane displacement field induced in an infinite homogeneous elastic plane by a screw
dislocation of Burger’s vector (0, 0, bz) located at a point (h, 0), and define auxiliary parameters, αi , by
αi = µi+1 − µi
µi+1 + µi , (i = 1, 2, 3). (7)
By repeated application of the image solution for the corresponding two-phase composite material, we construct the
displacement fields u(i)z , (i = 1, 2, 3, 4), for the four-phase material as follows:
u(1)z = (1+ α1)Φ(r, θ),
u(2)z = Φ(r, θ)+ α1Φ

a2
r
, θ

,
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u(3)z = (1+ α3)u(o)z (r, θ)+Ψ(r, θ)− α3Ψ

c2
r
, θ

,
u(4)z = u(o)z (r, θ)+ α3u(o)z

c2
r
, θ

+ (1− α3)Ψ(r, θ), (8)
where Φ, Ψ are as yet unknown harmonic perturbation functions. In Eq. (8), a function f

s2/r, θ

, is the image of
the function f (r, θ) with respect to the circular interface r = s.
It is well known that the anti-plane displacement induced in an infinite homogeneous elastic plane by a screw
dislocation of Burger’s vector (0, 0, bz) is uz = (bz/2π)θ . For the problem at hand,
θ = tan−1

r sin θ
r cos θ − h

= −
∞
k=1
k−1
 r
h
k
sin kθ. (9)
So, we may represent Φ and Ψ in the series forms:
Φ(r, θ) = − bz
2π
∞
k=1
Ak
k
 r
b
k
sin kθ.
Ψ(r, θ) = − bz
2π
∞
k=1
Bk
k

b
r
k
sin kθ, (10)
where Ak and Bk are arbitrary weighting functions to be determined by applying the continuity conditions at the
interfaces.
The form (8) for the displacement ensures the automatic satisfaction of the continuity conditions at the interfaces
r = a and r = c. This greatly facilitates the determination of the weighting functions because we now need to apply
the continuity conditions at only one interface (r = b). Applying the displacement boundary condition (see Eq. (4)),
we obtain:
(1+ α1qk1 )Ak − (1− α3qk2 )Bk = (1+ α3)

b
h
k
, (11)
while the shear stress boundary condition gives:
µ2(1− α1qk1 )Ak + µ3

1+ α3qk2

Bk = µ3(1+ α3)

b
h
k
, (12)
with
q1 =
a
b
2
and q2 =

b
c
2
. (13)
By simultaneous solution of Eqs. (11) and (12), through the algebraic operations {µ3 × (11)− (12)} and {µ3 × (11)+
(12)}, we obtain the simplified set of equations:
α2 + α1qk1

Ak = (1+ α2)Bk;
1+ α1α2qk1

Ak + α3(1+ α2)qk2 Bk = (1+ α2)(1+ α3)

b
h
k
, (14)
from which we determine Ak and Bk in the forms:
Ak = (1+ α2)(1+ α3)

b
h
k
∆k
Bk = (1+ α3)

α2 + α1qk1
b
h
k
∆k, (15)
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where
∆k =

1+ α1α2qk1 + α2α3qk2 + α1α3qk1 qk2
−1
. (16)
Eqs. (8)–(16) completely determine the displacement fields u(i)z , (i = 1, 2, 3, 4) in terms of infinite series as follows:
u(1)z = −
bz
2π
(1+ α1)(1+ α2)(1+ α3)
∞
k=1
1
k
∆k
 r
h
k
sin kθ, (17)
u(2)z = −
bz
2π
(1+ α2)(1+ α3)
∞
k=1
1
k
∆k
 r
h
k + α1 r∗ah
k
sin kθ, (18)
u(3)z = −
bz
2π
(1+ α3)
∞
k=1
1
k
∆k

1+ α1α2qk1
  r
h
k + α1 r∗ah
k
+ α2

r∗b
h
k
sin kθ, (19)
u(4)z = −
bz
2π
∞
k=1
1
k
 r
h
k + (1− α23)∆k

α1

r∗a
h
k
+ α2

r∗b
h
k
+ α3

r∗c
h
k
sin kθ, (20)
where
r∗a =
a2
r
, r∗b =
b2
r
and r∗c =
c2
r
. (21)
The solutions (17)–(20) show that the induced displacement fields in the material phases depend on the position (h)
of the dislocation, the material rigidity parameters (αi , i = 1, 2, 3) of the various phases and the relative thicknesses
(q1 and q2) of the concentric cylinders that make up the composite structure.
Since r∗a , r∗b and r∗c are, the images of any point at a radial distance, r , with respect to the concentric circular
boundaries defined by r = a, b, c, the solution (20) for the displacement fields in the material phases can be interpreted
in terms of images of the inducing dislocation. By comparison with the unbounded infinite plane solution (9),
Eqs. (17)–(20) express the fact that the displacement field in each phase of the composite plane involves the
contributions of a set of fictitious screw dislocations placed at the image points of the source dislocation position
(h, 0) with respect to the circular interfaces. For example, Eq. (20) shows that the displacement field in the matrix is
made up of the homogeneous infinite plane solution plus perturbation displacement fields contributed by appropriately
weighted fictitious screw dislocations at the image points of the source dislocation position with respect to the three
circular interfaces defined by r = a, b, c.
3.2. Interaction force
The interaction force between the screw dislocation and the double-coated cylinder is given by [21]
F = bzσ (4)zθ (h, 0),
with the contribution from the homogeneous infinite solution excluded. On using Eq. (20) in the relevant expression
from Eq. (5), we obtain the force on the dislocation in the series form:
F = −µ4b
2
z
2πc
∞
k=1
α∗k
 c
h
2k+1
, (h > c), (22)
where
α∗k =
α3

1+ α1α2qk1
+ qk2 α2 + α1qk1 
1+ α1α2qk1 + α3qk2

α2 + α1qk1
 . (23)
The sign of F plays a significant role in the analysis of the dislocation mobility. If F > 0, the dislocation is repelled by
the coated inhomogeneity but if F < 0, the dislocation is attracted by the coated inhomogeneity. It follows that F = 0
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corresponds to an equilibrium position of the screw dislocation. Whether the force on the dislocation is repulsive or
attractive, its magnitude increases as the dislocation approaches the interface r = c and decreases as it recedes from
interface.
4. Results and discussion
4.1. Dislocation close to the interface
When the dislocation is close to the interface r = c, it largely feels the effect of the elastic mismatch between the
adjacent phases of shear moduli µ3 and µ4. It is attracted towards the coated cylinder if the matrix is stronger than the
adjacent coating phase (µ4 > µ3) and repelled if the matrix is softer than the adjacent phase (µ4 < µ3). Therefore,
close to the interface, the distance of the dislocation from the interface is the important length scale while the ratio of
the rigidities (α3) of adjacent materials determines whether the dislocation is attracted towards or repelled from the
coated inhomogeneity.
4.2. Dislocation far from the interface
When the screw dislocation is far from the interfaces (h −→ ∞), the interaction force is approximately given by
the first term of Eq. (22) as
F = −µ4b
2
z
2πc
 c
h
3
α∗1 , (h > c), (24)
where
α∗1 =
α3 [1+ α1α2q1]+ q2 [α2 + α1q1]
1+ α1α2q1 + α3q2 [α2 + α1q1] . (25)
Consequently, far from the interface, the force on the dislocation behaves essentially as h−3.
4.3. Special case: three-phase material
If we set µ3 = µ4, in which case the third and the fourth phases are identical, we get the case of a single layer of
coating on a cylindrical inclusion embedded in a matrix of dissimilar material. The interaction force for this special
case of a three-phase composite material is readily deduced from our solution for the four-phase material by setting
α3 = 0 in Eq. (23) and substituting the result into Eq. (22). We obtain
F = −µ3b
2
z
2πb
∞
k=1
α2 + α1qk1
1+ α1α2qk1

b
h
2k+1
. (26)
The result (26) is in complete agreement with known results [3,12] for the three-phase model.
4.4. Numerical examples
Numerical calculations of the force on the screw dislocation were performed in accordance with Eqs. (22) and (23)
in order to illustrate, graphically, the influence of the shear modulus and thickness of the second coating layer on the
interaction force. For this purpose, we define the non-dimensional interacation force, F∗, and the non-dimensional
dislocation position, H , by
F∗ =

2πc
µ4b2z

F, H = h/c. (27)
4.4.1. Effect of shear modulus
In Fig. 2, plots of the non-dimensional interaction force, F∗, as a function of the non-dimensional dislocation
position, H , are presented for different values of the shear modulus, µ3, of the second coating phase. In the case of a
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Fig. 2. Variation of non-dimensional interaction force, F∗, with non-dimensional dislocation position, H , for various values of the shear modulus,
µ3, of the second coating phase: (a) hard inclusion and soft first coating layer (µ1 = 25, µ2 = 0.4); (b) soft inclusion and hard first coating layer
(µ1 = 0.4, µ2 = 25); other parameters are µ4 = 5, b/a = 1.0312 and c/a = 1.04167.
Fig. 3. Variation of non-dimensional interaction force, F∗, with non-dimensional dislocation position, h/b, for various values of the shear modulus,
µ2, of the interphase layer: (a) hard inclusion (µ1 = 25); (b) soft inclusion (µ1 = 0.4); other parameters are µ3 = 5 and b/a = 1.05.
hard inclusion with a soft first coating (see Fig. 2(a)), it is seen that two equilibrium positions are possible depending
on the shear modulus of the second coating phase. However, for a soft inclusion with a hard first coating (see Fig. 2(b)),
only one equilibrium position can occur whatever the shear modulus of the second coating layer.
In Fig. 3, we show the results for the case of a single coating layer around an inclusion for the purpose of
comparison. It is seen that only one equilibrium position occurs in this case, whether the inclusion is hard (Fig. 3(a))
or soft (Fig. 3(b)). Thus, for certain combinations of the shear moduli, the presence of a second coating phase
significantly alters the behaviour of the interaction force with the result that two equilibrium positions can occur.
Similar results were obtained by Honein et. al. [12] using the complex variable method.
4.4.2. Effect of thickness
In Fig. 4, we present plots of the non-dimensional interaction force, F∗, as a function of the non-dimensional
dislocation position, H , for different values of the relative thickness, c/a, of the second coating phase. It is seen that
the magnitude of the force increases with increase in the thickness of the second coating phase. This result holds for
the case of a hard inclusion with a soft first coating (see Fig. 4(a)) as well as the case of a soft inclusion with a hard
first coating (see Fig. 4(b)).
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Fig. 4. Variation of non-dimensional interaction force, F∗, with non-dimensional dislocation position, H , for different values of the relative
thickness, c/a, of the second coating phase: (a) hard inclusion and soft first coating (µ1 = 25, µ2 = 0.4); (b) soft inclusion and hard first coating
(µ1 = 0.4, µ2 = 25); other parameters are µ4 = 5, h = 1.2, b/a = 1.03125.
Fig. 5. Variation of non-dimensional interaction force, F∗, with thickness, t , of the second coating phase for various values of the shear modulus,
µ3: (a) hard inclusion and soft first coating (µ1 = 25, µ2 = 0.4); (b) soft inclusion and hard first coating (µ1 = 0.4, µ2 = 25); other parameters
are µ4 = 5, h = 1.2, c = 1.1 and b = c − t .
The combined effect of both the thickness and the shear modulus of the second coating phase is shown in Fig. 5,
where we have plotted the non-dimensional interaction force as a function of t = c − b, (0 ≤ t ≤ 0.1), for different
values of the shear modulus, µ3, of the second coating phase. The magnitude of the interaction force increases as both
the thickness and the shear modulus of the layer increase. The nature of the force is altered from attraction to repulsion
in the case of a hard inclusion with a soft first coating (Fig. 5(a)) and from repulsion to attraction in the case of a soft
inclusion with a hard first coating (Fig. 4(b)), depending on the relative shear rigidity of second coating phase with
respect to adjacent phases.
5. Conclusion
Coating is one way of reducing internal stress concentrations that may lead to damage propagation in a composite
material, with adverse consequences. This work shows that, for certain material combinations, a double-coated
cylindrical inclusion interacting with a screw dislocation gives rise to two equilibrium positions of the dislocation. This
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result suggests that, in the presence of multiple coating on an inclusion, multiple equilibrium positions are possible for
certain combinations of materials. This observation could be of immense benefit as a design tool for multicoated near-
cloaking structures for screw dislocations [16], but further study is necessary for its firm establishment. In general, the
thickness and rigidity of the coating material affect the mobility of dislocations. Whereas the relative thickness of a
coating layer strongly influences the magnitude of the interaction force, the relative shear rigidity determines whether
the dislocation is attracted to or repelled from the coated inclusion.
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